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Abstract
Obstructive sleep apnea (OSA), in which breathing is reduced or ceased during sleep, affects at least 10% of the population and is associated with numerous 

comorbidities. Current clinical diagnostic approaches characterize severity and treatment eligibility using the average respiratory event rate over total sleep time 

(apnea-hypopnea index). This approach, however, does not characterize the time-varying and dynamic properties of respiratory events that can change as a 

function of body position, sleep stage, and previous respiratory event activity. Here, we develop a statistical model framework based on point process theory that 

characterizes the relative influences of all these factors on the moment-to-moment rate of event occurrence. Our results provide new insights into the temporal 

dynamics of respiratory events, suggesting that most adults have a characteristic event pattern that involves a period of normal breathing followed by a period 

of increased probability of respiratory event occurrence, while significant differences in event patterns are observed among gender, age, and race/ethnicity 

groups. Statistical goodness-of-fit analysis suggests consistent and substantial improvements in our ability to capture the timing of individual respiratory events 

using our modeling framework. Overall, we demonstrate a more statistically robust approach to characterizing sleep disordered breathing that can also serve as 

a basis for identifying future patient-specific respiratory phenotypes, providing an improved pathway towards developing individualized treatments.

Statement of Significance

Obstructive sleep apnea (OSA) is a dynamic process, yet the primary diagnostic metric—the apnea-hypopnea index (AHI)—describes only 
the average respiratory event rate. To reclaim these lost dynamics, we develop a rigorous statistical approach for estimating an “instant-
aneous AHI”, which models the moment-by-moment event rate as a function of body position, sleep stage, and the timing of past events. 
This model acts as a highly individualized respiratory fingerprint, which we show can accurately predict the precise timing of future events. 
We also demonstrate robust model differences in age, sex, and race across a large population. Overall, this approach provides a substantial 
advancement in OSA characterization for individuals and populations, with the potential for improved patient phenotyping and outcome 
prediction.
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Introduction

Obstructive sleep apnea (OSA) is a condition in which there are 
recurrent periods where breathing ceases or is disrupted during 
sleep despite continued respiratory effort [1]. OSA affects at least 
10% of the population (~30 million people) within the United 
States, with an increased risk of up to 50% in populations with 
comorbidities related to cardiovascular disease, obesity, age, 
and diabetes [2–8]. If left untreated, OSA can increase the risk 
of numerous health issues including heart failure, stroke, and 
dementia [4, 9–13]. It is estimated that the economic impact of 
undiagnosed OSA in the United States is $149.6 billion annu-
ally, including $26.2 billion in motor vehicle accidents and $6.5 
billion in workplace accidents per year [14] resulting from ex-
cessive daytime sleepiness. A  major challenge in treating OSA 
is that it is a complex disorder with variability in its clinical and 
physiological characteristics with multiple approaches to treat-
ment [15], including surgery, continuous positive airway pressure 
(CPAP), positional therapy, and oral appliances. Given the highly 
individualized nature of OSA [16–19], the success of a given treat-
ment and adherence vary widely [20–22], such that patients may 
need to try several variations of interventions, and may reject 
treatment altogether before finding a sustainable solution.

Moreover, OSA is a highly dynamic time-varying process, 
governed by numerous intrinsic and extrinsic factors including 
sleep architecture, body position, sleep state, sleep stage, time 
of night effects, and fluid retention [23–27]. The relative influ-
ence of these factors is specific to each individual, moderated by 

that patient’s underlying biophysical makeup and environment. 
Despite these known dynamics, OSA is characterized by a single 
summary metric, the apnea-hypopnea index (AHI), which is the 
average rate of respiratory events (apneas plus hypopneas) per 
hour during sleep [28, 29]. As such, the AHI ignores any tem-
poral patterns in OSA [27]. It is not surprising then that the AHI 
has been shown to have a high degree of uncertainty and is a 
poor predictor of clinical outcomes [27, 30–32]. Yet, the AHI is 
the metric by which patients are diagnosed, treatment eligibility 
is determined, and federal approval for new devices and treat-
ments is assessed.

Figure 1a illustrates the shortcomings of the AHI, showing a 
schematic with respiratory event times for three hypothetical pa-
tients with same AHI, but with substantially different levels of vari-
ability and periodicity of respiratory events. While the temporal 
patterns differ greatly, these patients are indistinguishable under 
the AHI and would thus be viewed as clinically similar cases. It is 
therefore vital to develop metrics of OSA dynamics that reflect the 
temporal patterns of respiratory events and the factors that influ-
ence event rate. In doing so, we can better quantify the mechan-
isms that influence a patent’s respiratory event rate, which could 
greatly inform treatment decisions and improve outcomes.

Though stochastic modeling of event timing dynamics 
has had a long history of adoption through numerous fields 
(including seismology, finance, neuroscience, climatology, sleep 
architecture, etc.) [33–39], it has not taken hold within clinical 
sleep medicine for the characterization of OSA events. This is 
due in part to the fact that standards for OSA diagnosis were 
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Figure 1. Differences in history dependence structure provide a basis for characterizing respiratory event phenotypes. (a) A schematic plot shows three patients with 

identical AHI values even though they exhibit potentially different respiratory event phenotypes. (b) Modeling the history dependence of respiratory events. The history 

modulation plot (black curve) shows the multiplicative effect on event rate based on the time since the last observed event, with 95% confidence intervals. The aligned 

inter-event intervals (vertical lines, bottom) reflect the structure of the history modulation curve fit by the PSH model. We can summarize the history modulation curve 

by defining refractory period (dark gray), increased propensity period duration (light gray), increased propensity peak height, lag, and width. (c) We show another four 

participants with similar AHIs that possess different history dependence architectures, summary statistics of the history modulation curves for these participants are 

shown in the table. By characterizing history dependence in terms of interpretable statistics, we can quantify individual differences in respiratory patterns.
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initially developed based on what physicians could easily cal-
culate in the days prior to the incorporation of computers into 
the clinic [40]. By developing dynamic modeling approaches 
for OSA, we can provide a much clearer picture of respiratory 
event dynamics during sleep, leading to a better understanding 
of the factors and mechanisms underlying patient-to-patient 
variability, thereby improving clinical assessment of patients 
and enabling individualized treatment optimization.

In this paper, we aim to improve on the AHI by developing 
a framework that can describe temporal patterns and capture 
the moment-by-moment influences of multiple factors on the 
instantaneous respiratory event rate. To do so, we will build re-
gression models of respiratory event dynamics using a point 
process framework. Point processes are mathematical models 
that describe discrete events that are localized in space or time, 
such as neural spikes, earthquakes, or motor vehicle accidents. 
Point processes have had long-standing use across a variety of 
diverse fields, including neuroscience [41], physics [42], finance 

[43], and earth sciences [44], but have yet, to our knowledge, 
been applied to explicitly model event dynamics during OSA.

Perhaps the most well-known class of point process is the 
Poisson process, for which all the events are independent and 
can be modeled with a single rate parameter. Given that the AHI 
is a single rate that does not incorporate temporal information, 
computing it is mathematically equivalent to fitting a Poisson 
process model to the data. Consequently, our previous work has 
shown that a Poisson process framework can provide tools for 
performing statistical tests, computing confidence intervals, and 
measuring goodness-of-fit, and can be applied to existing AHI 
methods [27]. A general point process framework is therefore a lo-
gical extension of this work, as it is a natural statistical approach 
for developing models that capture moment-by-moment influ-
ences of physiological variables on the rate of respiratory events.

Here, we define a general point process framework for 
modeling respiratory events that extends the currently used 
clinical application of AHI to allow for the influence of many 
factors, including past events, using well-studied tools for 
model fitting and goodness-of-fit assessment. We apply these 
methods to sleep data across a large population of adult parti-
cipants to obtain patient-specific profiles of respiratory event 
dynamics and the factors influencing them. We further show 
that, given the resulting model fit for an individual, the timing 
of individual respiratory events becomes predictable to a large 
degree within a single night. The goal of this study is to provide 
a strong methodological foundation for this framework, as well 
as to provide a strong proof-of-concept for applications to large 
scale datasets. In doing so, we demonstrate the potential of 
patient-specific respiratory event patterns as tool for future de-
velopment of respiratory phenotypes, with the long-term aim of 
predicting clinical outcomes and informing treatment and clin-
ical decision-making.

Methods

Study overview

The goal of this study is to capture the patterns and influences 
governing respiratory event activity and thus exploit dynamics 
(otherwise ignored by the AHI) to provide a more principled 
basis for characterizing OSA. To do so, we apply a point process 
framework using a generalized linear model (GLM) [45, 46] which 
quantifies the relationship between features of sleep (e.g., body 
position, stage, etc.) and the probability of seeing a respiratory 
event at a given moment. A  general point process can be ex-
pressed in terms of a conditional intensity function, λ (t | Ht), which 
is the “instantaneous rate” at time t, given Ht, the history of past 
events up to, but not including, time t. The conditional inten-
sity can then be expressed as a function of the variables that 
influence these events. In this study, we express the conditional 
intensity of respiratory events as a function of body position (su-
pine vs non-supine) and sleep stage (rapid eye movement [REM], 
non-REM stages 1–3 [N1–N3]), and previously occurring events. 
In doing so, we provide a rigorous statistical framework to de-
termine which factors influence the moment-by-moment rate 
of respiratory events for an individual during OSA, and the rela-
tive magnitude of these influences, which provide a basis for 
phenotyping. See Appendix A and B for the overview of point 
process modeling and GLM.

Table 1. The clinical report is a useful tool for characterizing the 
effects of simple conditions on respiratory event occurrence, while 
parametric models of the respiratory events can provide a statistic-
ally principled description of the event dynamics 

a Clinical sleep report

 AHI (events/h) Time (min) Event count 

All sleep 20.44 416.78 142
Supine 54.52 114.45 104
Nonsupine 7.54 302.33 38
REM 53.61 73.87 66
 Supine 76.75 41.43 53
 Nonsupine 24.05 32.43 13
NREM 13.30 342.92 76
 Supine 41.91 73.02 51
 Nonsupine 5.56 269.90 25
 N1 47.56 25.23 20
  Supine 61.59 10.72 11
  Nonsupine 37.20 14.52 9
 N2 15.68 206.68 54
  Supine 51.66 45.30 39
  Nonsupine 5.58 161.38 15
 N3 1.08 111.00 2
  Supine 3.53 17.00 1
  Nonsupine 0.64 94.00 1

b Model output

Sleep stage (nonsupine) Rate (events/h) 95% CI 

REM 17.28 [13.49, 22.13]
NREM 7.96 [6.06, 10.46]
 N1 18.35 [11.74, 28.68]
 N2 8.61 [6.28, 11.79]
 N3 0.69 [0.17, 2.79]
Significant REM dominance (χ2 test, p < .0001)
Body position Multiplier 95% CI
Supine 4.75 [3.21, 7.02]
Significant supine dominance (χ2 test, p < .0001)

Panel a displays a clinical report that computes the AHI under different condi-

tions, revealing that this experimental participant has supine and REM dom-

inant sleep disordered breathing; panel b shows the results of the PS model 

with the corresponding 95% confidence intervals for the same participant in a, 

which shows significant REM and supine dominance. 
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We compare three models of respiratory event rate: (1) an “AHI 
model” with a constant rate, which reflects the current diagnostic 
standard, (2) a “Position-Stage model” (PS model) in which rate 
changes dynamically with body position and sleep stage, and (3) a 
“Position-Stage-History model” (PSH model) in which past events 
provide an additional influence on rate dynamics (see Appendix 
C for model specification). We fit these models to scored respira-
tory event time data from 936 participants from a community 
based cohort, the Multi-Ethnic Study of Atherosclerosis (MESA) 
dataset, available from the National Sleep Research Resource [47, 
48]. Model performance was assessed, and the influence of each 
factor was tested for statistical significance. We characterize the 
results at the level of single participants, at the level of the en-
tire MESA participants, as well at the level of different population 
groups defined by gender, age, and race/ethnicity.

Data description

To examine the ability of the models to capture OSA temporal 
dynamics across a large, heterogeneous population of parti-
cipants, we examine polysomnography data from the Multi-
Ethnic Study of Atherosclerosis (MESA), obtained from the 
National Sleep Research Resource (www.sleepdata.org) [47, 48], 
which includes manually-scored respiratory events, sleep sta-
ging, and body position for a single night of polysomnography. 
For each individual, we computed the AHI using all apneas 
and hypopneas associated with a 3% oxygen desaturation. We 
limited our analyses to participants with full night AHI values 
above 15, totaling 936 participants (513/423 M/F, age: mean 
69.57 ± 8.89, total in-bed time (minutes): mean 482.52 ± 81.26, 
AHI (events/h): mean 33.40 ± 15.88. The distributions of AHI and 
total in-bed time are shown in Sup. Figure 1.

Respiratory event termination times were used as the 
timing for point process events, given event start times are 
more difficult to precisely define. Event times were then 
discretized into 1-second intervals and the time series the 
number of respiratory events (0 or 1)  terminating in each of 
those intervals was computed. The sleep positions were la-
beled as Supine (laying on the back) and Nonsupine (front or 
side sleeping). Note, separation of Nonsupine into Front, Left 
and Right positions, yielded similar results in terms of contri-
bution to the model (Sup. Figure 2). We therefore used Supine 
and Nonsupine for clinical interest and model simplicity. The 
sleep stages were labeled as Wake, rapid eye-movement sleep 
(REM), and non-REM stages 1–3 (N1, N2, and N3).

It should be noted that the original MESA study coded “race” 
as either “White, Caucasian”, “Chinese American”, “Black, 
African-American”, or “Hispanic”, which are overly reductive 
characterizations. Herein, we replace “Chinese American” with 
“Asian”, to reflect more accurately the Asian, Pacific Islander, 
and other participants within the underlying population repre-
sented under this category.

Statistical tests

Chi-square tests were performed to compute position and stage 
dominance (Table 1), Kolmogorov-Smirnov (KS) tests were used 
to evaluate the goodness-of-fit of the models (Figure 2b), as well 
as to evaluate the difference of the distributions (Sup. Figure 2). In 
Figure 3a, permutation tests with global bounds were performed 
to compare history curves across all groups [49], and t-tests were 

conducted to compare the rates (∗, ∗ ∗, ∗ ∗ ∗ denote the p-value 
<.05, <.01, <.001 separately). Chi-square tests were also used to 
compare deviance reduction for different models (Figure 4b). 
All statistical analyses were performed in MATLAB_R2021a. 
Significance levels of 0.05 were used, if not otherwise specified.

Code toolbox

We have created a MATLAB code toolbox for analyzing sleep 
apnea dynamics, which is publicly available at http://sleepEEG.org.

Results

Characterizing respiratory event dynamics in individual 
participants

OSA is predominantly mediated by biophysical obstructions to 
the airway, thus factors such as body position and sleep stage 
are known to influence the prevalence of respiratory events [50, 
51]. By identifying the conditions under which events are most 
likely to occur for a specific patient, clinicians may be guided in 
the selection of an appropriate individualized treatment. For ex-
ample, if a patient has supine dominant events, a clinician may 
initially suggest a positional therapy that keeps them off their 
back during sleep. In practice, clinicians are aided in this ana-
lysis by reports of condition-dependent AHIs. Table 1a illustrates 
a typical section from a clinical sleep report, using an example 
participant from the MESA dataset. The overall AHI across the 
total sleep time (All Sleep) of 20.44 indicates moderate–severe 
apnea, which would qualify the participant for treatment. The 
conditional AHIs show that respiratory events are supine and 
REM dominant, with an AHI of 76.75 during REM while supine.

If we instead fit the data using the Position-Stage (PS) model, 
which describes event rate dynamically in terms of body pos-
ition and sleep stage, we can expand upon the clinical report 
and provide a compact, statistically principled characterization 
of the effect of condition on the underlying respiratory event 
rate, as well as the uncertainty about the effect size. Table 1b 
shows the PS model parameters expressed as rates for each 
stage during nonsupine sleep, along with a multiplier that is 
applied when the participant is supine. Given our past work 
demonstrating the extreme variability associated with AHI es-
timates [27], we also report the 95% confidence interval for each 
parameter and explicitly test for stage or position sensitivity. 
At each point in time, the fitted model along with the current 
stage and position defines the time-varying AHI. For example, 
to compute the supine REM event rate, we multiply the REM 
nonsupine rate (17.28 events/h) by the supine multiplier (4.75) to 
get 17.28× 4.75 = 82.08 (events/h).

We observed a marked difference in event rate as a func-
tion of position (475% increase in supine vs nonsupine), and 
stage (217% increase in REM vs NREM). Given the clinical im-
portance of stage and positional dominance in characterizing 
and treating OSA, we performed hypothesis tests to assess the 
statistical significance of these influences. In this participant, 
we find significant REM (χ2 test, p < .0001) and supine (χ2 test, p 
< .0001) dominance. This is also evidenced by the fact that the 
REM and NREM 95% confidence intervals are non-overlapping, 
and that the 95% confidence interval for the supine multiplier 
does not overlap with 1. Overall, this modeling approach pro-
vides a highly compact and informative representation of the 
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data traditionally contained in clinical reports while providing 
simple measures of statistical uncertainty.

History dependence as the basis for respiratory event 
phenotyping

While the PS model describes respiratory event rate as a function 
of discrete brain or physiological states, it is unable to capture 

temporal patterns of events that are present within each state. 
To better capture these patterns, we model the inherent tem-
poral dependence structure of respiratory events by adding 
history dependence, which describes the effect of previous event 
timing on the current rate. We fit the Position-Stage-History (PSH) 
model to the data, which estimates a multiplicative modulation 
of the event rate due to a prior event at any given time lag. This 
effect is visualized with a history modulation plot, which shows 
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Figure 2. The addition of history dependence greatly improves the goodness-of-fit over AHI and the predictability of individual respiratory event times. (a) Modeling 

components and goodness-of-fit for an experimental participant. From top to bottom, respiratory event train, sleep position, hypnogram, and history. (b) The KS plot 

shows goodness-of-fit for event timing given the model estimates. We show the KS plots for the following models: model with constant rate (AHI, solid), model with 

stage and position (PS, dashed), model with stage, position, and history dependence (PSH, dotted). (c) The ROC curve for the AHI model (solid), the PS model (dashed) 

and the PSH model (dotted), which computed based on the probability of seeing events in 10-second intervals from (d). (d) In a short time segment (~50 min), the prob-

ability of observing an event in 10-second intervals is shown for AHI, PS, and PSH. The PSH model uses temporal information from the history dependence structure 

to provide much stronger predictions for individual events. Note the order of magnitude differences in the scales of probability on the y-axes. Overall, these results 

show model improvement with stage and position, however, the addition of history dependence provides the greatest amount of information and increases the level 

of predictability.
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the value of the rate multiplier as a function of the time since 
each previous event. This plot allows us to answer the question: 
How much more likely is there to be a respiratory event now, 
given that an event was observed X seconds ago?

Figure 1b shows a history modulation plot from another par-
ticipant from the MESA dataset. The curve (solid black) shows 
the multiplicative effect and 95% confidence interval for each 
time lag (time since the last event), which reflects the structure 
of the inter-event intervals shown (bottom panel). Portions of 
the modulation curve significantly below 1 indicate a decreased 
rate, or refractory period during which few or no events occur, 
and portions above 1 indicate a period of increased propensity 
of events. For this participant, the curve suggests a significant 
reduction in rate between 0 s and ~20 s after each event (dark 

gray region), followed by a period between ~25 s and 55 s after 
each event during which the activity is significantly enhanced 
(light gray region). The modulation is maximal at ~35 s with a 
modulation value close to 6.  The modulation curve then falls 
back towards 1, suggesting no significant history modulation 
effect at this point after a previous event. Thus, we can say that 
this participant is prone to bursts of respiratory events, with an 
event most likely to occur 35  s after the previous event at ~6 
times the baseline rate. The addition of history dependence is 
exceptionally powerful as it enables us to identify specific pat-
terns of events that are more or less likely to occur and predict 
times at which events become very likely.

The analysis of respiratory events in a dynamic context 
can also allow us to better characterize heterogeneity across 
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Figure 3. Statistical tests reveal significant differences in history modulation among different groups. (a) The mean history modulation curves with significant regions 

(gray) using global permutation tests (Significance level: .05). (b) The mean event rate in different sleep stages, as well as the mean supine multiplier for all groups. t-test 

for significant difference on the mean values is conducted between all levels of each factor (∗, **, *** denote the p-value <.05, <.01, <.001), error bars represent the 95% 

confidence intervals on the means. (c) The comparisons of all summary statistics of history modulation in all groups.
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participants. Figure 1c shows four additional MESA participants 
who have nearly identical AHIs of ~30 but different history de-
pendence structures. While the history modulation curves for 
all participants share the same general form (a refractory period 
followed by a peak of increased propensity of events, which 
decreases to 1), the timing and degree of modulation differ for 
each individual. This variation in history dependence structure 
reflects highly heterogeneous temporal patterns in the event 
timing, which are distinctive for each individual despite sharing 
the same AHI.

To explicitly characterize features of individualized timing 
properties, we can  define summary statistics on the history 
modulation curve. We quantify the length of the refractory 
period, as well as parameterize features in the increased propen-
sity period, such as the lag, height at maximum, and width of 
this period (Figure 1b, see Appendix D for details). The table in 
Figure 1c shows the values of summary statistics for the four cor-
responding participants, which reflect the variation seen in the 
modulation curves. While participants A, B, and C have similar 
20–30 s refractory periods, the refractory period for participant 
D is longer (61 s), suggesting an increased latency between con-
secutive events. The tall, narrow increased propensity peaks of 
participants B and D (reflected in the height and width statistics) 
suggest highly predictable trains of events, whereas the short and 
broad peaks of participants A and C indicate increased random-
ness of event timing. Overall, by characterizing history depend-
ence in terms of interpretable parameters, we can quickly form 
a quantitative basis for the future development of respiratory 
phenotypes that reflect the temporal patterns of event activity.

History dependence significantly improves respiratory 
event time predictions

Figure 2a and b illustrate the impact of sleep position, stage, 
and history dependence on the rate of respiratory events using 
another participant from the MESA dataset. For this partici-
pant, we fit the AHI, PS, and PSH models and computed the 

goodness-of-fit of each model to the data using Kolmogorov-
Smirnov (KS) plots [41]. Figure 2a shows the respiratory event 
times of a 4.5-hour segment along with the factors used by each 
model to predict these events (body position, stage, and history 
dependence). Note, the visualization of history component here 
uses the simplest history basis which is a set of predictors that 
include respiratory event trains lagged by time orders. In prac-
tice, we used 150-second history and employed the cardinal 
spline basis which acts as a smoothed version of the indicator 
basis. Additionally, the splines provide a more intuitive sense 
of what history components look like and how the historical 
events affect the model for estimates of current probability of 
event occurrence. Details of the spline functions are provided 
in Appendix C. Figure 2b shows the KS plots for the AHI (solid), 
PS (dashed), and PSH (dotted) model fits. The KS statistic meas-
ures the largest deviation between the KS plot and the y = x line, 
with significant lack of fit indicated for any KS plot that leaves 
the gray region. While the AHI and PS models fail the KS test (KS 
statistics  =  0.50 and 0.28, respectively), the PSH model, which 
adds history dependence, passes the KS test (KS statistic = 0.07), 
with the curve lying completely within the gray region. This 
suggests that the temporal dynamics captured by the history 
dependent model are critical for characterizing the temporal 
structure of the events for this participant.

Furthermore, the addition of different model components 
can dramatically improve the ability to predict the precise timing 
of respiratory events. This is illustrated in Figure 2d, which com-
pares the probability of seeing respiratory events in 10-second 
intervals for each of the different models in ~50 minute time 
window. The AHI model assumes a constant rate of events, 
which means that the probability of observing an event in any 
10-second bin is quite small, below 0.5%. For the PS model, the 
estimated probability is a step function that depends on the cur-
rent position/stage combination. During supine N1 sleep the 
estimated probability of an event in any 10-second interval is 
around 2%, while during nonsupine N3 sleep it falls well below 
0.5%. Respiratory events are therefore more predictable under 
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Figure 4. Goodness-of-fit analysis across the population shows PS model with position and stage explains more than AHI model, history components explain most 

and greatly increase the predictability. The result is conveyed by three ways: (a) shows the distribution of KS statistics for the three models, where AHI model has the 

largest rejection rate of KS tests across the population, reaching 94.98%, followed by PS model with rejection rate at 84.08%, while the PSH model passes over 97% KS 

tests; (b) gives the distribution of deviance explained compared to the AHI models across the population, where PSH model explains on average 24% more deviance 

than the AHI model, Chi-square tests at 1% significance level show that for 99.47% of the patients, adding history component statistically improves the PS model, and 

the percentage approaches to 100% when compared to the AHI model; (c) compares the distributions of the AUC for the three models, where the PSH model shows the 

best prediction ability with mean AUC equals to 0.86, while the PS model centers at 0.75 and AHI model always stands at 0. Black, dark gray and light gray refer to the 

AHI model, PS model, and PSH model, respectively.
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this model than under the AHI model. Finally, in the PSH model, 
we can see that after each event occurs, the probability in sub-
sequent 10-second bins that the next event will occur in that bin 
undergoes a consistent dynamic pattern that starts low and in-
creases rapidly before the event actually occurs. When multiple 
events arrive in sequence, the probability at event times rises 
further, reaching values nearing 80%. At such times, based on 
the preceding pattern of events, we can be quite confident that 
about 30 s after a previous event, another event will occur in the 
next 10 s or shortly thereafter. At the event times, the PSH model 
predicts events with ~16 times higher probability than the AHI 
model. Although more difficult to see, the predicted probability 
during non-event periods is substantially lower under the PSH 
model than the AHI model. Thus, the PSH model predicts both 
event times and non-event times with much higher accuracy 
than do the AHI or PS models.

Figure 2c depicts a receiver operating characteristic (ROC) 
curve showing the ability of each model to predict whether or 
not an event will occur in the next 10 s [52]. Each model provides 
a probability of an event in each 10-second time bin, and the 
ROC curve shows how the rate of false positives and true posi-
tives change as a function of different probability thresholds for 
predicting an event. This curve is constructed so that the area 
under the curve (AUC) is equal to the probability that the corres-
ponding model will give a higher probability of an event in bins 
where events occur than in those where events do not occur [53]. 
For the constant AHI model, there is no difference in the prob-
ability of an event between different intervals, and so the AUC is 
0. For the PS model, the AUC increases substantially to a value 
of 0.754, based on the fact that events are more likely to occur 
during intervals with specific sleep stage and position combin-
ations. For the PSH model, the AUC again increases sizably to a 
value of 0.890, reflecting the large increase in the predictability 
of respiratory events at specific periods after previous events.

In summary, as we extend our model to include additional 
predictors, we move from a static descriptive statistic of re-
spiratory event occurrence over the night to a dynamic pro-
cess that makes the respiratory events more predictable. These 
modeling results also provide evidence that history dependence 
is a highly-informative feature for the prediction of respira-
tory event times. Moreover, these results provide insight into 
underlying mechanisms and information for use for targeted 
time-dependent interventions such as positional devices or PAP 
levels which can be programmed to change over the need to 
address dynamic changes in airway collapsibility.

Population analysis of sleep disordered breathing

Given the ability to quantify the patient-specific profiles of re-
spiratory event dynamics, we can characterize the variability in 
these factors over populations. The modeling results across the 
entire population of 936 participants from the MESA dataset are 
summarized in Sup. Figure 3. Figure 3 summarizes the popula-
tion results as a function of self-reported gender (male, female), 
age category (<65, 65–74, >74), and race/ethnicity (Black, Asian, 
White, and Hispanic).

Figure 3a shows average history modulation curves and re-
gions of significant differences between demographic groups 
(gray regions). We see significant differences in modulation 
within the first 30–40 s after each event, suggesting that refrac-
tory time may be an important distinguishing factor between 

groups. When comparing history dependence as a function of 
gender, we see a significant region between 55 s and 80 s, with 
males having a higher average modulation during those times, 
suggesting a longer interval between apnea events in males 
versus females. This is potentially due to the greater average 
height in males leading to longer circulation time.

Figure 3b compares the model parameters representing 
mean rate per sleep stage as well as the multiplier for the supine 
position. In general, these results corroborate previous analyses 
of the MESA dataset [48, 54]. The inferences from this model re-
lated to the prevalence of REM and supine dominance also cor-
roborate findings described in the literature [55, 56].

Figure 3c compares derived statistics from the history modu-
lation curves as a function of demographics. In particular, the 
refractory period and increased propensity peak height tend to 
differ significantly across gender, age, and race/ethnicity. The in-
creased propensity peak lag shows significant age and race/eth-
nicity differences as well. Since the history modulation features 
are estimated while simultaneously accounting for AHI, correl-
ation analysis confirms the weak correlations between history 
modulation features and AHI (Sup. Figure 4).

Additional analysis (Sup. Figure 3c) shows that across nearly 
all participants, significant history modulation structure (i.e. the 
influence of the previous event on rate) lasts between 60 s and 
180  s following each event. Although this general structure is 
common among all participants, the specific shape of the in-
fluence of past spiking as a function of time, and therefore the 
patterns of events that emerge, can vary substantially from in-
dividual to individual. Notably, all history modulation statistics 
demonstrate strong heterogeneity, as evidenced by the long tails 
of the distributions (Sup. Figure 3d).

Overall, these results show wide variation in respiratory pat-
terns beyond the effect of stage and position, with significant 
differences between key demographic factors. This highlights 
the viability of this approach as new and potentially valuable 
basis for patient phenotyping.

We next perform standard goodness-of-fit and classification 
performance metrics on the population data to quantify the im-
provement in model fit and predictive power as a function of 
model selection, the results of which are summarized in Figure 
4. For the entire population, we look at the distribution of KS 
statistics, deviance explained, and area under the ROC curve.

In Figure 4a, we see the distribution of KS statistics for 
each model, with a smaller KS statistic values reflecting better 
goodness-of-fit. The AHI model has the poorest fit, with the lar-
gest mean KS statistic of 0.70 and ~95% of models rejected by 
a KS test at the 0.05 significance level. The PS model improves 
over the AHI with a mean KS statistic of 0.20, but still ~84% of 
models are rejected by the KS test. Finally, the PSH model has 
the smallest mean KS statistic value of 0.02, and only ~2.5% of 
the models are rejected by the KS test. Figure 4b shows the dis-
tribution of deviance explained relative to the AHI, for PS and 
PSH models. The PS model on average explains 14.62% more de-
viance than the AHI model, while PSH model explains 23.98%. 
Chi-square tests show that the addition of history dependence 
in the PSH model provides a significant improvement for 99.47% 
of the participants over the PS model and for 100% of the parti-
cipants over the AHI model. Additional analysis of the relation-
ship between model errors and AHI are shown in Sup. Figure 5. 
In fact, the overall mean squared deviance residual increases 
with increasing AHI. A  more detailed analysis separating out 
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the event and no-event intervals shows that this increase is 
dominated by a very small increase in the predicted rate during 
no-event intervals, however, there are substantial improve-
ments of model fitting in event times with increasing AHI, and 
PSH model shows remarkable reduction in mean squared devi-
ance residual compared to AHI model and PS model.

Figure 4c shows the distribution of AUC for ROC curves using 
the models to predict whether or not a respiratory event will 
occur in any 10-second interval. The AUC for the constant AHI 
model is always 0, since the model does not differentiate be-
tween times where events are more or less likely. The distribu-
tion of the AUC for the PS model is centered around 0.75, which 
reflects the fact that events are more likely to occur at specific 
combinations of sleep stage and position than others. The AUC 
for the PSH model has a distribution with a mean that increases 
further to about 0.86, reflecting the increase in predictability 
related to the history of past events, even when accounting 
for differences in event rates due to sleep stage and position. 
Thus, history dependence provides consistent and significant 
improvements in event predictability. Overall, history depend-
ence acts as a critical component in modeling, explaining, and 
predicting OSA temporal dynamics.

Discussion
Sleep-disordered breathing is a dynamic process in which the 
rate of respiratory events is influenced by multiple factors. 
Despite its dynamic nature, clinical diagnosis tends to col-
lapse the complex processes underlying OSA to a single metric 
measuring the average rate of respiratory event occurrence, 
the AHI. Thus, potentially valuable information is being lost 
by ignoring OSA temporal dynamics and variability. Here, we 
develop a general point process framework that enables us to 
look at the instantaneous rate of respiratory events as a func-
tion of any combination of the factors influencing it, including 
the timing of past events. This approach can provide insight in 
mechanistic heterogeneity, which can be informative in thera-
peutic decision making.

The comparisons between the AHI model, PS model, and 
PSH model highlight the importance of each of the model fac-
tors. Sleep position, stage, and the history of past respiratory 
events consistently have significant and substantial effect of 
the instantaneous event intensity. For the participant shown in 
Figure 2, a shift from N3 to N1 corresponds to a 3-fold increase 
in the instantaneous event rate, and a shift from nonsupine to 
supine sleep corresponds to a 1.6-fold increase. Similarly, spe-
cific patterns of past events make future events substantially 
more likely. In the example in Figure 2d, the PSH model pre-
dicts the probability of an event occurring to be nearly 16-fold 
higher than the AHI model at those times when events actually 
occur. Such increases in predictability are common when his-
tory dependence is included into point process models. Adding 
history dependence also has the effect of drastically improving 
the goodness-of-fit of these models as expressed through the 
deviance and KS statistics. KS tests showed significant model 
mis-fit for nearly all participants using the AHI model, and were 
still present in the overwhelming majority of participants when 
accounting for the effects of sleep stage and position; including 
history in these models consistently improved the quality of the 
fit so that nearly no participants showed significant lack of fit.

Population analysis using the PSH model corroborated pre-
vious clinical findings while also revealing features of respira-
tory event patterns that are consistent across individuals and 
features that are patient specific. Across the entire population, 
the model fits confirmed previous findings that respiratory 
event occurrence is reduced in deeper sleep stages when arousal 
threshold is elevated and upper airway collapsibility less than 
light sleep. The fits also corroborate prior work showing that 
more respiratory events occur in supine than other positions 
[57], consistent with mechanisms of apnea attributed to unfavor-
able airway geometry and reduced lung volume during supine 
sleep [58, 59]; the model fits also revealed significant differences 
in different population cohorts, such as the level of REM and 
supine dominant activity in males and females, as well as their 
refractory period and increased propensity peak height. Our 
result aligns with the previous findings showing females have 
more respiratory events in REM and less events in supine pos-
ition compared to males, reflecting the lower loop gain and less 
airway collapsibility in females [54, 60]. These findings show the 
potential for this framework to address specific epidemiological 
questions and mechanistic hypotheses in future applications.

The model fits also revealed that most participants share 
a common history modulation structure following each re-
spiratory event: a consistent refractory period followed by an 
increased propensity period when events are more common 
than during periods not immediately preceded by an event. Yet, 
we also observed a broad range of different history modula-
tion structures across the population. Given that different his-
tory modulation structure will lead to distinct patters of events 
from individual to individual, further understanding the stat-
istical structure of these patterns could assist clinicians with 
phenotyping a patient’s disease, allowing them to personalize 
therapeutic strategies. A key factor in understanding the clinical 
applicability of history modulation will be the characterization 
of long-term stability in modulation structure. While these data 
had one study night available, future work will focus on under-
standing the temporal stability of history modulation curves 
over time using data sets with repeated studies per participant. 
Additionally, the availability of large sleep databases paired with 
genetic data will enable future studies to characterize herit-
ability and other genetic factors involved in history modulation.

There are a variety of ways to extend the modeling methods 
and data analyses explored in this work. For one, the models we 
presented included only a small set of factors that can impact 
sleep disordered breathing. It would be natural to explore the 
influence of additional physiological and clinical covariates by 
adding them to the model. For example, changes in neural elec-
trophysiological activity have been associated with apnea se-
verity [61–63], which might be captured by adding to the model 
variables related to the power in specific frequency bands of 
the EEG. One advantage of our model-based framework is that 
it allows for disambiguation of the influences of confounded 
covariates. Sleep stage is, by definition, correlated with features 
of the EEG, but a point process model including both could help 
researchers identify additional information in the EEG not cap-
tured by sleep staging. Our model did not explicitly include the 
information about the duration of the respiratory events, which 
could be another important factor to include.

Another way to extend these models is to include inter-
actions between the factors influencing the respiratory event 
rate. All of the models we explored assumed that the influences 

D
ow

nloaded from
 https://academ

ic.oup.com
/sleep/advance-article/doi/10.1093/sleep/zsac189/6657760 by H

arvard C
ollege Library, C

abot Science Library user on 21 O
ctober 2022



Chen et al. | 11

of each factor were multiplicatively separable. Thus, in the PSH 
model, each participant has a typical apnea pattern determined 
by the history modulation, and only the frequency of that pat-
tern is modulated by changes in sleep stage and position. By 
adding terms that include interactions between history, stage, 
and position, we would generate a model where distinct pat-
terns of respiratory events could be fit for different sleep stage 
and position combinations.

Future work applying these methods to larger datasets 
that include measures of disease severity and therapeutic out-
comes will help determine the value of inferences from these 
models. We posited above that history modulation curves could 
be viewed as patient specific signatures of respiratory event 
dynamics. Analyses over larger datasets could help determine 
whether these signatures exist in a continuum along one or 
more dimensions or whether they cluster into a small number 
of phenotypic groups. In either case, statistical models can be 
constructed relating features of the history dependence curves 
to clinical disease measures. If respiratory event patterns are 
predictive of patient prognoses or responses to various ther-
apies, clinicians can use model fits for individual patient sleep 
data to guide clinical decision making.

Additionally, the striking increase in the predictability of in-
dividual respiratory events using these models might help guide 
novel therapeutic approaches. For example, this approach could 
be used as an improved control signal for therapeutics to apply 
positive airway pressure, neural stimulation, or positional inter-
ventions precisely at times when respiratory events are most 
likely to occur. Because of the dynamic nature of sleep dis-
ordered breathing, it may take interrupting only a few events 
to dramatically decrease the total number of events over a full 
night’s sleep.

Statistical modeling provides well-studied tools for 
identifying predictable structure in dynamic data, for deter-
mining the factors that influence that structure, and for 
quantifying uncertainty. Point process models therefore offer a 
powerful tool for sleep scientists and clinicians to move beyond 
simple descriptive statistics to better understand the dynamics 
of sleep disordered breathing and to provide more effective 
treatment options.
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Appendix A: Point Process Framework
To develop a point process framework, we first define a func-
tion called the counting process, N(t), which denotes the total 
number of respiratory events that occur up to and including 
time t, for t∈(0, TST], where TST represents a participant’s total 
sleep time (the amount of non-Wake time during a recording). 
The AHI is therefore defined as the total event count divided 
by the total sleep time, AHI = N(TST)/TST, which expresses the 
average rate of events over the entire night’s sleep.

It is clear, however, that respiratory events are not inde-
pendent. We thus need to move towards a framework that al-
lows us to capture the temporal patterns in the data. A general 
point process can be expressed in terms of a conditional inten-
sity function [45], which is defined as

λ (t|Ht) = lim
∆→0

P [N (t+∆)−N (t) = 1|Ht]

∆
,

 
(1)

for which λ (t | Ht) is the “instantaneous rate” at time t, 
given Ht, the past history of events up to, but not including 
time t. Whereas the AHI defines the average rate of events 
over the entire night, the conditional intensity defines an 
instantaneous rate of events that can be influenced by vari-
ables such as sleep position and stage as well as by previously 
occurring events.

For any time interval of sufficiently small length, ∆, equa-
tion (1) indicates that the probability of observing an respiratory 
event in that interval is approximately proportional to this con-
ditional intensity:

P [One respiratory event in [t, t+∆) | Ht] ≈ λ (t | Ht)∆. 

For a specific pattern of respiratory events observed at 
times s1 < s2 < . . . < sn over the interval [0,T], the likelihood of 
observing those event times is given by [45]
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n∏
i=1

[λ (si | Hsi)] e
−

T́

0

λ(t | Ht)dt

 

(2)

Thus, the conditional intensity defines the probability of 
observing a respiratory event moment by moment, which can 
be used to compute the likelihood of any pattern of events over 
the course of the night.

Appendix B: Model Inference Methods
Defining a point process model of respiratory events involves 
expressing the conditional intensity, λ (t | Ht), as a function of 
the variables that influence these events. Here we focus on vari-
ables of known clinical interest including sleep stage and pos-
ition, as well as variables that can be used to capture temporal 
patterns of respiratory events, including the history of prior 
events. One well-studied class of point process models can be 
expressed under the broader statistical framework of general-
ized linear models (GLMs) [41]. Most commonly, point process 
GLMs are constructed by letting the log of the conditional inten-
sity be a linear function of the model parameters and functions 
of the variables that influence the rate of events,

log (λ (t | Ht)) =

p∑
j=1

βjgj(xt),

 

where p is number of model parameters, βj is the jth model 
parameter, and gj(xt) is some function of the variables, xt, that 
influence the intensity of events.

Point process GLMs have several advantageous properties. 
They can flexibly capture the influences of multiple variables, 
even when the influences are non-linear [41]; the model param-
eters often have simple interpretations [64]; and they have convex 
likelihoods allowing for computationally efficient estimation 
[41, 65, 66]. There exist simple, computationally efficient algo-
rithms to compute the maximum likelihood estimators for GLM 
parameters, such as iteratively reweighted least squares (IRLS) 
[46]. Robust software packages implementing these algorithms 
are available in most statistical analysis platforms and coding 
languages (e.g. R, MATLAB, and Python). The resulting maximum 
likelihood estimators are asymptotically unbiased and asymp-
totically have minimum mean-squared error. The IRLS algorithm 
also computes the Fisher information, which determines the 
standard errors of the model parameters and is used to compute 
test statistics to determine whether any collection of variables 
significantly influence the intensity of events [66].

Point process GLMs also provide well-studied approaches for 
assessing the goodness-of-fit of the model to the observed data. 
The model deviance generalizes the notion of residual model 
variance from linear regression and can be used to compare 
models or to quantify the amount of variability explained by the 
model. Deviance residuals can be computed and plotted to de-
termine whether there remains unmodeled structure after fit-
ting the GLM [46, 67]. If the model is correct, the time-rescaling 
theorem [68] can be used to remap the event times into a homo-
genous Poisson process. After rescaling, Kolmogorov-Smirnov 
(KS) plots can be used to compare the distribution of inter-event 
times to those predicted by the model. A well-fit model will pro-
duce a KS plot that closely follows a 45-degree line and stays 

within its significance bounds. KS plots that are not contained 
in these bounds suggest lack-of-fit in the model.

Appendix C: Modeling Respiratory Event 
Dynamics
In this section we describe several candidate models for char-
acterizing respiratory event dynamics. We start with a constant 
rate model, which mimics the AHI, and progressively build to a 
full model that incorporates body position, stage, and past event 
history in the estimation of an “instantaneous AHI”.

Constant Rate (AHI) Model
As stated, the AHI expresses the sample rate of events over the 
observation period. A point process where all of the events are 
independent of each other and are characterized by a single rate 
parameter is called a Poisson process. Therefore, we construct a 
point process GLM that assumes that the rate of the respiratory 
events is constant throughout the whole night to explore the 
statistical properties of a model based on a single AHI statistic:

log (λ (t | Ht)) = β0

 

(3)

Here, β0 is a model parameter that can be interpreted as the 
log of the event rate. It is simple to show that the maximum 
likelihood estimate of β0 is exactly the log of the AHI statistic. 
This model posits that respiratory events occur as a homogeneous 
Poisson process over the entire night [45].

We refer to this constant rate model as the AHI model be-
cause it returns the AHI statistic. Additionally, it allows us to 
compute confidence bounds about the AHI [27], to evaluate the 
sufficiency of this statistic to characterize the observed patterns 
of respiratory events, and to assess whether adding variables to 
the model provides a statistically significant improvement in fit-
ting these data.

Note that the parameter β0 is interpreted as the log rate, and 
that we obtain the model estimate for the rate by exponenti-
ating it. We can multiply this rate by the length of any sleep 
period to compute the expected number of events in that period, 
based on the model fit.

Position and Stage (PS) Dependent Model
Clinicians are often interested in how respiratory events de-
pend on clinical factors such as sleep position and stage. Some 
patients have predominantly supine OSA and others predom-
inantly REM. Typically, a night’s sleep will be partitioned based 
on these factors, and separate AHIs computed for each sleep 
position (e.g. AHIsupine) or sleep stage (e.g. AHIREM). Guided by 
this clinical practice, we explore point process GLMs including 
sleep position and stage (which we call the PS model) with the 
following form

log (λ (t | Ht)) =

Position︷ ︸︸ ︷
βpIP (t) +

Stage︷ ︸︸ ︷
Σs∈S βsIs (t, s)

 
(4)

Where S represents the set of sleep stages: 
{N1, N2, N3, REM, Wake}, βp and βs  refer to the model 
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parameters reflecting the effects of body position and sleep 
stage, respectively. The indicator functions IP (t) and Is (t, s), ex-
press whether a participant is in the corresponding position or 
stage at time t. Specifically,

IP (t) =

®
1 if Nonsupine at t
0 if Supine at t , Is (t, s) =

®
1 if stage = s at t
0 otherwise

 

The PS model posits that respiratory events occur as an 
inhomogeneous Poisson process with a rate that depends on 
sleep stage and position. Comparing the PS to the AHI model 
allows us to determine the influence of these variables on the 
rate of respiratory events. The values of exp(βs) are event rates 
for each corresponding sleep stage when the participant is su-
pine, and the value of exp(βp) represents a multiplier to the 
event rate when the participant in non-supine. If the value of 
βp is significantly different from zero, it suggests that there is 
strong evidence for an effect of sleep position on the event rate. 
If the values of βs are significantly different from each other, it 
suggests that there is strong evidence for an effect of sleep stage 
on the event rate. By comparing the model deviance of the PS 
model to that of the AHI model, we can determine the amount 
of variability in the data that is explained by differences in the 
event rate due to sleep stage and position. Here, we assume 
that sleep stage and body position have multiplicatively sep-
arable effects, but the modeling framework allows us easily to 
extend the PS model to include interaction terms.

Position, Stage, and History Dependent 
(PSH) Model
Both the AHI and PS models assume that the probability dis-
tribution of future events is independent of past events. Thus, 
these models treat OSA as a Poisson process, and cannot be used 
to distinguish between patients with similar rates but different 
temporal patterns of events. However, it is clear that respira-
tory events have some impact on future events for at least some 
period of time due to the physiological mechanisms of sleep 
apnea. To account for the possibility of dependence between re-
spiratory events, we extend the PS model by adding functions of 
the history of previous respiratory events to the GLM (which we 
call the PSH model) as follows:

log (λ (t | Ht)) =

Position︷ ︸︸ ︷
βpIP (t)+

Stage︷ ︸︸ ︷∑
s∈S

βsIs (t, s)+

History︷ ︸︸ ︷∑K

k=1
hkgk (Ht)

 

(5)

Where gk (Ht) represents a collection of basis functions that 
smooth the influence of the event history Ht, K is the number of 
basis function used to capture history dependence, and hk are 
the model parameters whose values determine which patterns 
of events are more or less likely. Here, we used cardinal spline 
basis functions for gk (Ht), details are provided below.

Spline Functions
There are many ways to include the past history of respiratory 
events in a point process model. Here we chose to use spline func-
tions to provide a parsimonious representation of the past history 
of respiratory events. Splines are piecewise, low-degree polyno-
mial curves that are continuous and smooth interpolations be-
tween control points, called knots. Splines are flexible functions, 

and thus able to capture a wide range of modulation structure. 
One commonly used spline is the cardinal spline, which uses 
third-order polynomials to interpolate between control points. 
Cardinal splines have been successfully used to model patterns 
of neural spiking events in electrophysiology data [69–74].

Let (xi, pi) represent the lag and associated magnitude of 
the ith knot. The equation for the cubic cardinal spline at a time 
point x between control points xi and xi+1 is defined as:

Sp (u) =
Ä
2u3 − 3u2 + 1

ä
pi +

Ä
u3 − 2u2 + u

ä
p′i

+ (−2u3 + 3u2)pi+1 + (u3 − u2) p′i+1 (6)

Here, u = x−xi
xi+1−xi

, and p′i is the derivative at the i th control 
point, which is determined by a tension parameter s and its 
neighboring control points:

 • p′i =
s
l1
(pi+1 − pi−1), where l1 =

xi+1−xi−1
xi+1−xi

 • p′i+1 = s
l2
(pi+2 − pi), where l2 =

xi+2−xi
xi+1−xi

The cardinal spline can therefore be expressed in matrix 
form as:

Sp (u) =
î
u3 u2 u 1

ó




− s
l1

Å
2− s

l2

ã Å
s
l1

− 2
ã

s
l2

2s
l1

Å
s
l2

− 3
ã Å

3− 2s
l1

ã
− s
l2

− s
l1

0
s
l1

0

0 1 0 0







pi−1

pi
pi+1

pi+2




 

(7)

Equation (7) shows that each cardinal spline between two 
knots is determined by the four adjacent knots and the shape 
is controlled by the tension parameter s. For a detailed overview 
of incorporating spline models into a GLM framework and other 
spline functions, see Sarmashghi et al. [69].

Implementation Details
All the models were fit using the GLM package in MATLAB. Since 
there is no event history at the beginning of each night, we used 
the first 150 s of each night’s sleep to construct an initial respira-
tory event history. History dependence was then fit using a car-
dinal spline basis function with a tension parameter of 0.5. With 
end points at 0 s and 150 s, four knots were placed evenly be-
tween the 10th percentile of inter-event intervals and 90 s, with 
another knot at 120 s. Two additional knots placed at −10 s and 
160 s were used to determine the derivatives of the spline func-
tion at the end points. Code is available at http://sleepEEG.org/.

Appendix D: Modulation Curve Summary 
Statistics
Given the wide range of history dependence structure observed 
across the population, we explored a set of summary statistics 
that captured salient features of these curves. From the model 
parameters, we get a 95% upper confidence bound (UCB) and 
lower confidence bound (LCB) for the modulation curve at each 
time lag. Using these, we define the following five model sum-
mary statistics:

 1. Refractory period—The first lag at which the UCB is greater 
than or equal to 1.
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 2. Increased propensity period duration—The length of the 
period from when the LCB is first greater than or equal to 1 
to when the LCB returns to be less than or equal to 1.

 3. Increased propensity peak height—The maximum value of 
the history modulation.

 4. Increased propensity peak lag—The lag corresponding to 
peak height.

 5. Increased propensity peak width—The half peak bandwidth 
of the history modulation.

These summary statistics were computed for all participants 
in the MESA cohort.

Supplementary Material
Supplementary material is available at SLEEP online.
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